We present the complete set of N = 1, D = 4 quantum algebras associated to massive superparticles. We obtain the explicit solution of these algebras realized in terms of unconstrained operators acting on the Hilbert space of superfields. These solutions are expressed in terms of the chiral, anti-chiral and tensorial projectors which define the three irreducible representations of the supersymmetry on the superfields. In each case the space-time variables are non-commuting and their commutators are proportional to the internal angular momentum of the representation. The quantum algebras associated to the chiral or anti-chiral projectors is the one obtained by the quantization of the Casalbuoni-Brink-Schwarz massive superparticle. We present a new action for the tensorial case and show that their wave functions are restricted to be tensorial superfields.
Introduction and summary
The superparticles, the point-like objects which move in the Salam and Strathdee superspace [16] were first described by Casalbuoni [2] almost 30 years ago and by Brink and Schwarz [3] soon afterwards. They have internal angular momentum and built in supersymmetry. As a simple model of a classical particle with internal angular momentum they bear some resemblance with the relativistic top studied by Hanson and Regge [4] , but they also have novel interesting features of it own. The real interest in these models arose with the advent of the superstring action [5] and the understanding of the structure of the constraints that appear in the canonical analysis. Siegel [6] was the first to discover that the massless superparticle possess an extra local fermionic symmetry called kappa symmetry. This symmetry develop later in a guiding principle that could be used to select valid Lagrangeans for supersymmetric systems. The superstring and the supermembrane actions were discovered imposing this symmetry. Moreover it was discovered that by imposing Siegel symmetry to the action of a supermembrane in a background field one obtains the whole set of eleven dimensional supergravity equations for the component fields.
But the virtues of supersymmetry and kappa symmetry are accompanied with problems. The canonical analysis of the massless superparticle shows that the set of first class constraints that generate kappa symmetry were tied to a set of second class constraints. With time it became evident that it was not possible to split this constraints in a covariant and irreducible way. Over the years many ways to deal with the problem of covariant quantization of the superparticle and superstring were proposed with different grades of success. Many of these methods needed to include a infinite tower of ghosts and the meaning of the resulting BRST operator became unclear to say the least. Some other approaches were linked to the harmonic superspace, where the set of infinite fields are codified in an organized way, but they cannot be extended to D = 10 which is the case of main interest. Infinite fields appeared also in the formulations using twistor variables where as an additional complication several different versions of what a twistor should be have been proposed. Very interesting geometrical ideas related to twistor theory were inherent in the work of doubly supersymmetric particles and strings for which Siegel symmetry has been understood as a diffeomorphism of the superworld-line.
A related but quite different class of systems is that of massive superparticles. When central charges are absent they do not posses kappa symmetry and first and second class constraints are not mixed. The solution of the superparticle algebra of the observables of the theory has not been discussed in the literature. In this paper we solve this problem for D = 4 and N = 1 massive superparticles. We obtain the explicit solution of these algebras realized in terms of unconstrained operators acting on the Hilbert space of superfields. These solutions are expressed in terms of the chiral, anti-chiral and tensorial projectors which define the three irreducible representations of the supersymmetry on the superfields. This paper is organized as follows. In section 2 we discuss the classical dynamics of the massive superparticle which is subject to second class constraints. We present the algebra obtained using Dirac procedure. The resulting algebra of brackets [2] is not straight forward to implement quantum mechanically because the space time variables turns out to be non-commutative, [x µ , x ν ] = 0. This problem may be circumvented by finding a reduced set of coordinates that satisfy canonical commutation relations which not surprisingly result to be the chiral coordinates as suggested by Casalbuoni [2] . In section 3 we construct the quantum algebra of the superparticle with operators acting on the Hilbert space of states corresponding to the irreducible representations of the supersymmetry. This is done with the aid of the projectors to the three subspaces of the space of superfields (chiral anti-chiral and tensorial) which allow an irreducible representation of the supersymmetry algebra. We then obtain three well defined covariant operatorial solutions for the superparticle algebra, two with super spin 0 associated to the chiral or anti-chiral massive superparticle and one with super spin 1/2 associated to the tensorial super particle. In each case we obtain the explicit operatorial expression for the internal angular momentum. The chiral and anti-chiral massive superparticles are described by the standard massive superparticle, while the tensorial superparticle should be described by a different action. In section 4 we present and analyze the action corresponding to the tensorial superparticle. The wave functions of this new superparticle action are the massive tensorial superfields of super spin 1/2. In section 5 we discuss the applicability of our results in a more general setup. Finally in section 6 we present our conclusion and outlook.
Classical mechanics in the superspace
Let us consider the massive superparticle in D = 4. The metric signature is η µν = diag{−1, +1, +1, +1} and the superspace coordinates are (x µ , θ ai ,θ˙a i ), where a = 1, 2 is a spinor index and i = 1, ..., N is the number of supersymmetric charges. Naturally (θ ai ) * =θ˙a i . We choose Dirac matrices to be off-diagonal and given by,
with σ µ aḃ the Pauli matrices. The action principle for the superparticle is given by [2] 
where ω µ =ẋ µ − iθ ai σ µ aḃθḃi + iθ ai σ µ aḃθḃi is defined for convenience. The generalized momenta are given by
and satisfy the canonical Poisson bracket relations [2] {x µ , p ν } = δ µ ν (7)
Along the conserved quantities related to Super Poincarè invariance the total angular momentum is given by
For this system, there is only one first class constraint π e = 0 related to the reparametrization invariance of the action which implies the first class secondary constraint p 2 +m 2 = 0. There appear also the constraints,
which are second class since the matrix C aiḃ j is non singular if m = 0. The Dirac brackets are given by,
HereĈ aiḃ j is the matrixĈ aiḃ j = 1 2ip 2 p µσ µȧb δ i j and verifies C aiḃ jĈ bkḃ
Calculating the Dirac brackets for all coordinates and momenta the result is [2] ,
Using (12), (13) and (A.4) the equation for the internal angular momentum S µν (11) may be written also in the form,
Before applying the quantization rules to the algebra above to construct the quantum theory of the superparticle one can first use a different approach which in particular identifies the Hilbert space associate to the action (2) . The second class constraints are separated in two subsets, the subset d a and its complex conjugatedȧ. It has been proposed that in such a situation, if it is too complicated to impose all the constraints it may be sufficient to impose only one of the two sets because then the matrix elements are zero. That is in general, for constraints (φ α ,φ α ) imposingφ α |V = 0 then V |φ α = 0. For the superparticle, this idea goes back to Casalbuoni [2] and has been applied extensively by Lusana [7] , Frydryszak [8] and collaborators. Although the application of this approach in the cases considered by these authors provides the correct answer, the approach fails to work in general. When the method works correctly it can be understood as follows. For φ α ,φ β a set of second class constraints the measure in the corresponding functional integral is det φ,φ 1/2 . In the particular case in which det {φ α , φ β } = 0 then the above measure reduces to det φ α ,φ β which is exactly the functional measure for a set of first class constraints φ α with a gauge fixing condition [9, 10] . In the case under study it is easily seen thatdȧ alone are a set of first class constraints and thus the model is equivalent to a gauge system in which only this set of first class constraints exists. We are then free to choose a different gauge fixing condition. This method was applied in reference [11] to show that the wave functions of the D = 9, N = 2, massive superparticle with central charges expand a KKB ultrashort multiplet [12] . The canonical coordinates necessary to develop the quantum theory are suggested by the discussion above. In the initial Lagrangean we change coordinates
We can then write
The new momenta associated to the coordinates (x µ I , θ a ,θ˙a) are
We may also define
and we have,
The Dirac brackets are then given by
The resulting Hilbert space is the set of chiral superfields. The anti-chiral sector may be obtained along the same lines.
The quantum algebra
The chiral variables X L µ parameterize the physical degrees of freedom of the superparticle and give a solution for the classical dynamic problem, but to formulate the quantum theory of this system one has still to represent the Dirac algebra (17)- (21) in terms of a set of operators in terms of Heisenberg commutators following the rule {·, ·} D → −i [·, ·] or −i {·, ·}. (We use [·, ·] for commutators and {·, ·} for anticommutators since no confusion can arise with the classical brackets.). The set of chiral superfields has been already identified as one Hilbert space where the quantization program may be pursued. As we discuss below this choice is not unique and when due care are given to some details in the algebra the space of anti-chiral and the space of tensorial superfields may also be considered.
The other problem that has to be faced, as was first noted by Casalbuoni, is to deal with the fact that the coordinates x µ cannot represented multiplicatively because they do not commute. Taking this into account, our task is to find a set of operatorsX µ ,Θ a andΘ˙a that satisfy the following algebra to which we will refer as the quantum algebra of the superparticle,
At the quantum level we may also definê
and consequently all commutators involving this quantities could be obtained from this relations. The operatorŜ µν that appears on the right hand side of equation (39) is the internal angular momentum corresponding to the representation defined by our operators.
That is we should have thatĴ
together withQ a ,Qȧ andP µ satisfy the super Poincarè algebra.
In the functional space of all the wave functions defined on the Salam and Strathdee superspace the super Poincarè algebra is represented by the operators,
The operators X µ , Θ a , andΘ˙a act multiplicatively (see (A.14) ). This representation of the super Poincarè algebra is not irreducible. Even after imposing the mass shell condition P 2 + m 2 the resulting representation is reducible. Indeed it holds the following theorem.( [13] , [14] , [15] ) Theorem:
Let Ψ(x µ , θ a ,θ˙a) be a superfield that satisfies
then it can be written in a unique way (m = 0) as
where the projector operators are
The operators representing the super Poincarè algebra commute with any of this projectors, meaning each of the subspaces bear a representation of the group. In these subspaces the corresponding generators are obtained in the form P G J µν P G and P G P µ P G with P G the corresponding operator. The observation above led us to construct a representation of the quantum algebra of the superparticle by considering operators acting in the chiral (C), anti-chiral (A) or tensorial (T) superfields defined by
with P G any one of the projectors,
Note that the projectors have been taken out of the mass shell. Below we show explicitly that each set of operators satisfy the quantum algebra (34-39). In each of the subspaces the operator which we denote in generic form asŜ µν at the right hand side of (39) result to be the projected internal angular momentum in the corresponding subspace. We introduce the notation, S µν G ≡ P G S µν P G for these operators. We begin discussing the representation acting on the chiral superfields which after the discussion at the final of the previous section should correspond to the quantum theory of the superparticle defined by the classical action (2) . We present the result in the form of the following theorem. Theorem The set of operators defined by X µ C = P C X µ P C , Θ a C = P C Θ a P C andΘ˙a C = P CΘȧ P C satisfy the algebra (34-39). The operator S µν C ≡ P C S µν P C can be written as
.
Proof
To compute the anticommutator Θ a
and use the fact that P 2 C = P C . Then note that
With the help of (A.23) observe that P C , Θ b P C = 0. Then,
The anticommutator Θȧ C ,Θ˙b C = 0 is also straightforward. To address the first non zero commutator:
use again the formula (A.23) to prove that
The next task is to compute [X µ C , Θ a C ]. The tricks to be used are similar:
Recalling once again that [P C , Θ a ] P C = 0,
The next commutator is [X µ C , X ν C ] and is the most involved
Using formulas (A.27, A.20) and (A.21), we can write
With this computation the commutator is
We recognize a term proportional to L µν C . To further simplify the other term note that P CD 2 D a = P C [D 2 , D a ] and P C Θ aDȧ D 2 = P C Θ a Dȧ , D 2 . Using formulas (A.16) and (A.17) the commutator reads
To disentangle this equation first write ∂ λ X µ = δ µ λ + X µ ∂ λ so that
The first of this terms is 0, P CDσ µνΘ P C = 0 because Tr(σ µν ) = 0. The second is
Using the identity (A.5) I µν 1 is given by
The other term, I µν 2 is simpler
Taking all pieces together
Summing up we get,
In this case S µν C can be written in terms of the corresponding projected operators. To this end note that P CΘȧ Θ a P C = P CΘȧ P C Θ a P C . since [Θ a , P C ] P C = 0. We have then,
which satisfies Pryce's constraint P µ S µν C = 0 This end the proof of the theorem.
The commutators (60-62,72) realize the quantum algebra of the massive superparticle and hence we have a complete solution for the quantization of this system. The computations with the anti-chiral projector are completely analogous and led to exactly the same algebra. This give an equivalent but different covariant solution to the quantization of the superparticle.
We consider now the representation of the algebra using the tensorial projector. Theorem The set of operators defined by X µ T = P T X µ P T , Θ a T = P T Θ a P T andΘ˙a T = P TΘȧ P T satisfy the algebra (34-39). The operator S µν T ≡ P T S µν P T can be written as
The computation of Θ a T , Θ b T = 0 and Θȧ T ,Θ˙b T = 0 are again straightforward. Consider,
Taking advantage of (A.22) andD 2 P T = P TD 2 = 0,
Recalling again (A.16),
Next compute,
Finally consider,
Taking into account the previous computation
Introducing this value in the commutator and using (A.20) and (A.21)
The last two terms in (3) can be written as
The commutator here is given by
The first term is
where we use that the matrix σ µν is traceless. A similar computation for the second term in equation (84) and taking all the terms together ,
Using the explicit form of D a andDȧ shown in the appendix and formula (A.4),
Finally,
with S µν T = P T S µν P T . Note that this is not equal to (75) and therefore this set of operators do not correspond to the quantization of (2). The operator S µν T is not written solely in terms of the T operators. There is an extra term that accounts for the internal super spin. We complete this observation with the following lemma.
Note also that in the chiral (or anti-chiral) case, P α ε µναλ P CDσλ DP C = 0 (91)
To start insert I = P T + P C + P A in the formula for S µν
Note that due to (A.23) the terms with P C disappear. Then with the aid of,
This last formula completes the proof of the lemma and the theorem. The chiral and the tensor spaces are the irreducible representations of N = 1 super Poincarè with superspin 0 and 1/2 respectively. As final observation before closing this section let us compute the relevant Casimir operator for each representations we have obtained. We first define the analog of the Pauli-Lubanski four vector
whereP µ ,Ĵ µν ,Q a andQȧ are the projected operators. This definition is taken from Salam and Strathdee [1] or Sokatchev [17] . As we shall show below it is transverse both in the chiral and in the tensor cases, although it is not transverse in the general setting (readers may wish to compare this definition with that of [13] which is transverse from the beginning). With this four vector we construct a Casimir:
In a given irreducible representation W is equal to −P 2 Y (Y + 1) with Y is the super spin of the representation. For the chiral (and the anti-chiral of course) it is not difficult to show that
Which implies naturally that W C = 0 as we might expect. For the tensorial case the non zero term came from the new term in the expression for the internal angular momentum
Now use (A.7) and Okubo's formula (A.26) and finally obtain,
The tensorial superparticle
In the previous section we show that the superparticle algebra may be realized by projecting on the three supersymmetric sectors of the Hilbert space of superfields. The chiral and anti-chiral realization correspond to the usual D = 4 massive superparticle as we demonstrate in section using the corresponding chiral or anti-chiral variables. We have learned that there are three kinds of simple superparticles. It is natural to ask which is the classical action which upon quantization give rise to the tensor superparticle. This action is given by
The field ℓ(τ ) is a new variable that enters in the action besides the coordinates (x µ , θ a ,θ˙a). This system has no second class constraints. The condition π ℓ = 0 is a first class constraint. Preservation of this constraint implieṡ
We also have,
and defining
we end up for ℓ = 0 with the following first class constraints π ℓ = 0 (104) p 2 + m 2 = 0 (105) d 2 +d 2 = 0 .
(106)
The quantum mechanics of this system is now straightforward. Imposing the constraints on a superfield Ψ(x µ , θ a ,θ˙a) we have
which after simple algebraic manipulations led to
In turn this equations are equivalent to
To prove this last statements observe that if (107) and (108) hold then D 2D2 Ψ = 0 and D 2 D 2 Ψ = 0 which imply that D 2 ,D 2 Ψ = 0. With the identity (A. 19) we now see that (111) holds which clearly imply that D 2 Ψ =D 2 Ψ = 0. This establishes that the wave functions for this system are the tensorial superfields. Since this is a gauge system we need not to realize the complete algebra of the observables to extract the physical content. Nevertheless we observe that it should exist a covariant gauge fixing condition for which the algebra of eqs. (78),(79) and (89) for the quantum phase space variables is realized.
Projectors and second class constraints
In this section we put in a general setup our experience with the quantum algebra of the superparticle. Geometrically second class constraints restrict the symplectic manifold of the phase space to a symplectic submanifold and first class constraints further reduce it to a foliated Poisson manifold. When second class constraints are present, Dirac algorithm has to be handle with care. In the transition to quantum theory it may appear ordering problems and locality problems related with the inverse of the matrix of the constrains as an operator. At the classical level Darboux theorem assures that there exists a set of canonical coordinates but even if this set of coordinates is obtained it should be considered that the quantization may be not straightforward. It is useful and interesting to represent directly the Dirac algebra without dwelling in a specific choice of independent coordinates.
Let us consider the general case of a classical system with coordinates and momenta (q i , p j ) subject to second class constraints φ α (q i , p j ) satisfying the algebra
with the Dirac brackets given by
First we note that since second class constraints reduce the phase space in quantum mechanics this should mean that the physical Hilbert space is a subspace of the whole Hilbert space H. Any such subspace is characterized by a projection operator P with the physical Hilbert subspace given by PH. The operators acting on the physical space are those projected from the whole Hilbert space H.
What we observe is that there should exist a projection operator P G such that the quantum algebra is represented on the Hilbert subspace G in a generalized Schrödinger picture by
As we saw in the case of the superparticle this proposal provides us with an elegant solution to the representation of the superparticle algebra.
Conclusions and outlook
In this paper we have presented the quantization of the massive superparticle from new points of view which reveal some aspects of the structure of the superspace previously unnoted. We have presented the canonical reduction of the classical action (2) to its physical degrees of freedom. This procedure identifies in the most direct way the wave functions of this system as the chiral superfields. We then have constructed an explicit representation of the quantum observables of the system acting on the space of chiral superfields. This have been achieved by considering the projection of the operators acting on arbitrary superfields on the set of chiral superfields. This procedure unravel also the possibility of having a different but related quantum algebra realized on the tensorial superfields. To complete the physical picture we display a new classical action whose wave functions are shown to the tensorial superfields. Let us turn now to possible generalizations of our results to other superparticle models. Increasing N in D = 4 does not represent a major complication for our method. For every N there exist projection operators [15] . These could be used to construct the quantum algebra which should then be compared with the one arising from the quantization of higher N superparticles. More complicated appears to be the generalization to higher dimensions where adequate projectors should be constructed.
In 1946 Snyder [18] noted that by introducing a fundamental length (call it a) in physics the commutator of two space-time operators might not vanish. He indeed proposed the formula
This should be compared with Pryce [19] [20], formula (39) valid for systems with internal angular momentum. Snyder's idea is now a cornerstone of noncommutative geometry, the implications of which appears to be very important.
There is now a great deal of models with noncommutative coordinates that are obtained from different routes. As we have seen non-commutativity of coordinates is not linked to a breaking of the Lorentz invariance. In this paper we have concentrated ourselves in the problem of finding a correct set of quantum operators that satisfy Casalbuoni-Pryce relations for the superparticle (34-39). But the procedure used is not restricted to this system. We show that non-commuting operators arise naturally when a set of commuting operators are projected onto a subspace.
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A Appendix
In this final section we collect some formulas and conventions that are necessary in order to follow the calculations. Most conventions are taken from Wess and Bagger but not all. We set σ 0 =σ 0 = I and the rest are like Wess and Bagger [21] . We always rise and lower indices with the second index (for example D a = ε ab D b ). We select ε 12 = −1. An important identity is Note that we always use a lower case letter for a classical observable and a capital letter for a quantum operator. In all cases an operator without any additional label behaves like in the Schrödinger representation. For example
Projected operators are often indicated with a label (A, C or T ). The momentum operator P µ is an exception for this rule since we never write P C µ for P C P µ P C . We think that this small abuse of notation cause no confusion. Some useful commutators and anticommutators are [21] 
